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A GLOBAL BRIANgON-SKODA-HUNEKE-SZNAJDMAN 

THEOREM 

MATS ANDERSSON 


Abstract. We prove a global effective membership result for polynomials on a 
non-reduced algebraic subvariety of C^. It can be seen as a global version of a 
recent local result of Sznajdman, generalizing the Briangon-Skoda-Huneke theorem 
for the local ring of holomorphic functions at a point on a reduced analytic space. 


1. Introduction 

Let X be a point on a smooth analytic variety X of pure dimension n and let Ox 
be the local ring of holomorphic functions. The classical Briangon-Skoda theorem, 
[TT] , states that if (o) = (oi,..., am) is any ideal in Ox and cj) is in Ox, then cj) £ {cl)'' 
if 

(1.1) \<p\ < c|ar+^-i 

holds with u = min(m, n). The proof given in m is purely analytic. However, 
the condition CH) is equivalent to saying that (p belongs to the the integral closure 
( 0 )'^+''“^, and thus the theorem admits a purely algebraic formulation. Therefore 
it was somewhat astonishing that it took several years before algebraic proofs were 
found, [22l[23]. Later on, Huneke, m, proved a far-reaching algebraic generalization 
which contains the following statement for non-smooth X. 

Let X G A be a point on a reduced analytic variety of pure dimension. There is a 
number v such that if (a) = (ai, ... ,am) is any ideal in Ox and p is in Ox, then 
dni) implies that p G {a)'' ■ 

An important point is that u is uniform with respect to both (a) and r. The 
smallest possible such u is called the Briangon-Skoda number, and it depends on 
the complexity of the singularities of A at x. An analytic proof of this statement 
appeared in [3]. A nice variant for a non-reduced A of pure dimension is formulated 
and proved in [28]. 

Let X be a point on a non-reduced analytic space A of pure dimension n, and 
let Xred be the underlying reduced space, cf., Section [2T] below. There is a natural 
surjective mapping Ox,x —^ T A —>■ H C be a local embedding, and 

let PLx,x be the associated local ideal in Oq^x, so that Ox = Ox,x = O^^x!Jx,x- A 
holomorphic differential operator L in 12 is Noetherian at x if Lp vanishes on Xred,x 
(or equivalently, Lp G sjJx,x = JXr^i,x) for all p G Jx,x- Such an L defines an 
intrinsic mapping 

L: Ox,x Ox^g^,x, P eA Lp. 
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Theorem 1.1 (Sznajdman, [2H]). Given x G X, there is a finite set Lq, of Noetherian 
operators at x and a number v such that for each ideal (a) = (ai,... ,am) C Ox,x 
and ( j ) G Ox,x, 

(1.2) \L^fi\ < C\afi+^ on Xred,x 
for all a, implies that cj ) G (a)'’. 

Here |a| means |ai| + • • • + |am| (where |oj| is the modulus of the image of Oj in 
(^x,x), which up to constants is independent of the choice of generators of the ideal 
(a). The condition (11.21) means that is in the integral closure of the image in 
of {afi+G 

Applying to (o) = (0) we find that Lafi = 0 on Xred,x for all a implies that (j) = 0 
in Ox.x- 

We now turn our attention to global variants. Let H be a purely n-dimensional 
algebraic subvariety of and let Jy C C[xi,... ,xn] be the associated ideal. As¬ 
sume that Fj are polynomials in of degree < d. If the polynomial belongs to 
the restriction of the ideal {Fi ,..., Fm) to V, i.e., there are polynomials Qj such that 

m 

(1.3) ^ = + 

1 

then it is natural to ask for a representation m with some control of the degree 
of Qj. It is well-known that ii V = C'^, then in general maxj degFjQj must be 
doubly exponential in d, i.e., like 2^"*. However, in the Nullstellensatz, i.e., $ = 1, 
then (roughly speaking) d" is enough, this is due to Kollar, [21], and Jelonek, [20] . 
In [18] Hickel proved a global effective version of the Briangon-Skoda theorem for 
polynomial ideals in basically saying that if is locally bounded, 

then there is a representation (|1.3I) in C” with degFjQj < deg<I> -|- CdF. For the 
precise statement, see [18] or [7]. In [7] Theorem A] a generalization to polynomials 
on reduced algebraic subvarieties of C'^ appeared. Our objective in this paper is to 
find a generalization to a not necessarily reduced algebraic subvariety V of of 
pure dimension n. 

Let X be the closure (see Section 12.21) of V in and let Xred be the underlying 
reduced variety. Given polynomials Fi,, Fm , let fj denote the corresponding d- 
homogenizations, considered as sections of the line bundler 0{d)\x^^^, and let Jj be 
the coherent analytic sheaf on generated by fj. Furthermore, let Cqo be the 
maximal codimension of the so-called distinguished varieties of the sheaf ffg, in the 
sense of Fulton-MacPherson, that are contained in 

^red,oo • ^red \ ^redi 

see Section [5j It is well-known that the codimension of a distinguished variety cannot 
exceed the number m, see, e.g., m Proposition 2.6], and thus 

Coo < min(m, n). 

We let Zf denote the zero variety of Jf in X^ed. 

Let regX denote the so-called (Castelnuovo-Mumford) regularity of X C P^, see 
Section 12.21 below. We can now formulate the main result of this paper. 

Theorem 1.2 (Main Theorem). Assume that V is an algebraic subvariety ofC^ of 
pure dimension n and let X be its closure in P^. There is a finite set of holomorphic 
differential operators La on with polynomial coefficients and a number v so that 
the following holds: 
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(i) For each point x G V the germs of La are Noetherian operators at x such that 
the conclusion in Theorem o holds. 

(a) If Fi,... ,Fm are polynomials of degree < d, ^ is a polynomial, and 

(1.4) |Lq,‘^|/|F|'^ is locally bounded on Vred 

for each a, then there are polynomials Qi,, Qm such that (HSl) holds and 

(1.5) deg{FjQj) < max [deg^ + i'd'^°° degXred, {d — l)min{m,n + 1) + legX). 

If there are no distinguished varieties of fif contained in Xred,oo, then d‘^°° shall 
be interpreted as 0. 

In case V is reduced we can choose La as just the identity; then (ii) is precisely 
(part (i) of) Theorem A in [7]. If 14 = C"" we get back Hickel’s theorem, [18j . 
mentioned above. 

Example 1.3. If we apply Theorem 11.21 to Nullstellensatz data, i.e., Fj with no com¬ 
mon zeros on V and 4> = 1, then the hypothesis (jl.4l] is fulfilled, and we thus get Qj 
such that FiQi FmQm — 1 belongs to Jy and 

deg (FjQj) < max [i'd'^°°degXred, {d — 1) min(m, n -|- 1) -|- reg A). 

See [3 Section 1] for a discussion of this estimate in the reduced case. □ 

Example 1.4. If fj have no common zeros on X and is any polynomial, then there 
is a solution to (jl.3p such that 

degFjQj < max(deg‘h, [d — l)(n + 1) + reg A). 

If A = P"", then reg A = 1 and so we get back the classical Macaulay theorem. □ 

Remark 1.5. It follows that La is a set of Noetherian operators such that a polynomial 
G C[a:i,..., xat] is in Jy C C[a:i,... ,XAr] if and only La^ = 0 on Vred for each 
a. The existence of such a set is well-known, and a key point in the celebrated 
Ehrenpreis-Palamodov fundamental theorem, m and [25]; see also, e.g., [9] and 

[2l|. □ 

Remark 1.6. It turns out, see Theorem 0 below, that the Noetherian operators La 
in Theorem O have the following additional property: For each a there is a finite 
set of holomorphic differential operators Ma^'y such that 

(1.6) La{^^) = Y,L.y^Ma,^^ 

7 

for any holomorphic functions and T. This formula shows that set of functions 
that satisfy p.2p at a point x is indeed an ideal. □ 

By homogenization, this kind of effective results can be reformulated as geometric 
statements: Let z = {zq, ..., zn), z' = {z \,..., zn), let fi{z) := ZQFi{z'/ zq) be the 
d-homogenizations of Fy, considered as sections of 0{d) —)• P'^, and let ip{z) := 
^deg<i>^j>(^//^o)_ xhen there is a representation (|1.3I] on V with deg{FjQj) < p if and 
only if there are sections qi of 0{p — d) on P'^ such that 

(1-7) fiqi H-h fnilm = 

on A in P-^; that is, the difference of the right and the left hand sides belongs to the 
sheaf J'x. 

To prove Theorem 11.21 we first have to define a suitable set of global Noetherian 
operators on P^. This is done in Section 0] following the ideas of Bjork, [TU|, in 
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the local case, starting from a representation of Jx as the annihilator of a tuple 
of so-called Coleff-Herrera currents on P^. The rest of the proof of Theorem 11.21 
given in Section O follows to a large extent the proof of Theorem A in [7] . By the 
construction in [5] we have a residue current associated with Jx such that the 
annihilator ideal of is precisely Jx- Following the ideas in [7] we then form the 
“product” R'^AR^, where R-^ is the current of Bochner-Martinelli type introduced 
in [T], inspired by [26] , By computations as in [28] , the condition (m ensures that 
(j) annihilates this current at each point x E Vred- If P is large enough, this is reflected 
by the hrst entry of the right hand side of dESI), then a geometric estimate from m 
ensures that the p-homogenization 0 of $ indeed satishes a condition like (II. 4p even 
at inhnity. Therefore ([> annihilates the current R^AR^ everywhere on P^. For this 
argument it is important that the Noetherian operators extend to P^. The proof of 
Theorem O is then concluded along the same lines as in [7] by solving a sequence 
of 5-equations. If p is large enough, this is reflected by the second entry in the right 
hand side of m, there are no cohomological obstructions. We then get a global 
representation of 5 as a member of 0{p) (8> {Jf + Jx)- After dehomogenization we 
get the desired representation m- 

In Section [2] we collect some necessary background material. In Section [3] we 
discuss global Coleff-Herrera currents on projective space. As mentioned above, the 
proof of our main theorem is given in the last two sections. 

Acknowledgement: We would like to thank the referee for careful reading and 
several suggestions to improve the presentation. 

2. Preliminaries 

In this section we collect various definitions and facts that will be used later on. 

2.1. Non-reduced analytic space. A reduced analytic space Z is locally described 
as an analytic subset of some open set H C C^, and the sheaf Oz of holomorphic 
functions on Z, the structure sheaf, is then isomorphic to 0^1 Jz-, where Jz is the 
ideal sheaf of functions in H that vanish on Z. A non-reduced analytic space X (also 
referred to as an analytic scheme) with underlying reduced space Z and structure 
sheaf Ox is locally of the form Ox = O^j J, where J C Jz is a coherent ideal sheaf 
with common zero set Z. Thus Jz = \fj and Oz is obtained from Ox by taking 
the quotient by all nilpotent elements in Ox- Given the non-reduced space X we 
denote the underlying reduced space by X^ed- 

The space X has pure dimension n if for each x E Xj-ed, all the associated prime 
ideals of the local ring Ox has dimension n. In particular, then Xred has pure 
dimension n. 

2.2. Algebraic and projective spaces. We will only be concerned with analytic 
spaces that are globally embedded in some or P^. An analytic subspace V C 

is algebraic if the sheaf Jy is generated by a finite number of polynomials. Let 
Jv be the corresponding ideal in the polynomial ring C[xi,... ,xx]- Let Jx be the 
homogeneous ideal in the graded ring C[xo, • • •, xv] generated by homogenizations of 
the elements in Jy. If Jy has pure dimension n, then Jx has pure dimension n -|- 1- 
In particular, 0 is not an associated prime ideal. Each homogeneous polynomial 
corresponds to a global section of the line bundle 0{£) -A P'^ for some £. These 
sections define a coherent analytic sheaf Jx over P^ of pure dimension n. We 
define the closure X of E as the analytic subspace of P'^ with structure sheaf Ox = 
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Of,N / Jx ■ It is clear that the sheaf Jx coincides with the sheaf Jy defined by the 
ideal Jy in 

Let S be the graded ring C[xo, • • • ,XAr] and let S{—d) be the 5-module that is 
equal to 5 but with the gradings shifted by d. Let Jx be the homogeneous ideal in 
5 of all forms that belong to Jx- Since 0 is not an associated prime ideal of Jx, cL, 
m Corollary 20.14], see also [3 Section 2.7], there is a graded free resolution 

(2.1) 0 ^ ©1^5(-Jiv) ^ ^ ©^i5(-4) ^ 5 ^ S/Jx 0 

of the 5-module S/ Jx, where = {cD are matrices of homogeneous forms in 
with degc^^ ~ ^k~ ^k-i- number 

(2.2) regX := max(J^ — fc) -|- 1 

kj 

is called the Castenouvo-Mumford regularity of X in , see, e.g., m- This number 
describes the complexity of the embedding of X in P^; thus two isomorphic analytic 
spaces embedded in different ways may have different regularities. 


2.3. Some residue theory. Let T be a (smooth) complex manifold of dimension 
N. Given a holomorphic function / on Y, following Herrera and Lieberman, 
one can dehne the principal value current 1// as the limit 

liinxd/pu/e)^ 

where x(f) is the characteristic function of the interval [l,oo) or a smooth approxi- 
mand and v is any smooth strictly positive function. The existence of this limit for 
a general / relies on Hironaka’s theorem that ensures that there is a modification 
tt: Y ^ Y such that tt*/ is locally a monomial. It is readily checked that /(I//) = 1 
and fd{l/f) = 0. The current 1// is well-dehned even if / is a holomorphic section 
of a Hermitian line bundle over Y, since a(l/a/) = 1// if a is holomorphic and 
nonvanishing. 


Example 2.1. In one complex variable it is quite elementary to see that the principal 
value current 1/5™+^ exists and that 


for test functions 


B 


1 

^m+1 


Ads.^ 


2m 

m\ cfs™ 


e(o), 


□ 


The sheaf VM = VAiy of pseudomeromorphic currents, introduced in [6l 3], 
consists of currents on Y that are finite sums of direct images under (compositions 
of) modifications, simple projections and open inclusions of currents of the form 


„«i 


^ 1 A 

at—I at ^ 

■ ■ ^i-1 


Ad4r 


m < n, 


in some C™ and ^ is a smooth form with compact support. 

The sheaf VAi is closed under B (and B) and multiplication by smooth forms. If 
r is in VAi and has support on an analytic subset V G Y and r/ is a holomorphic 
form that vanishes on V, then 


(2.3) 


rjAr = 0, dijAr = 0. 


The first equality roughly speaking means that r does not involve anti-holomorphic 
derivatives. By a standard argument the second equality in (12.3|) implies: 
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Dimension principle: If t is a pseudomeromorphic current on Y of bidegree (*,p) 
that has support on an analytic subset V of codimension > p, then r = 0. 

Let U d Y he an open subset. If r is in VM.{U) and V C is an analytic 
subvariety, then the natural restriction of r to the open set U \V has a canonical 
extension as a principal value to a pseudomeromorphic current lu^yT on U. If h is 
a holomorphic tuple in U with common zero set V, and x is a smooth approximand 
X of the characteristic function of the interval [l,oo), then 

(2.4) lu\vT = limx{\h\^/e)T. 

It follows that lyT := r — 1u\vT is pseudomeromorphic in U and has support on V. 
Notice that if a is a smooth form, then lyaAr = aAlyr. Moreover, if vr: —)■ is 
a modification, f is in VM.{U)^ and r = 7r*f, then 

lyr = 7r*(l,r-iy^) 

for any analytic set 14 dlA. For any analytic sets IF, W C Z^, 

IwIw'T = livniv'T • 

Let Z C y be an analytic subset of pure codimension p and let r be a pseu¬ 
domeromorphic current of bidegree (A^, *) with support on Z. We say that r has 
the standard extension property, SEP, with respect to Z if lyr = 0 for each subva¬ 
riety V G Z nU of positive codimension, where U <Z Y \s some open subset. The 
sheaf of such currents is denoted by W'^. If Z = Y we write W rather than W^. 
The subsheaf of W'^ of (9-closed currents of bidegree {N,p) is called the sheaf of 
Coleff-Herrera current^, CH^, on Z. 

Remark 2.2. The sheaf CTi.^ was introduced by Bjdrk, in a slightly different way. 
For the equivalence to the definition given here, see [21 Section 5]. □ 

Example 2.3. Let [Z] be the Lelong current associated with Z and let /3 be a smooth 
form of bidegree (p, *). Then ^ = (lA[Z] is in W'^. If jl is holomorphic, then p, is in 
. See, e.g., [21 Example 4.2]. □ 

Proposition 2.4. If L is a holomorphic differential operator and r is in W'^, then 
defines a current in W^. 

Proof. It is a local statement so by induction it is enough to let L be a partial 
derivative d/dfi with respect to some local coordinate system. Let L denote the Lie 
derivative with respect to this vector field. Since ^ has bidegree (0, *), {d/dCi)f = Lf. 
Thus 

T.{d/dCi)f = t.L^ = YLr.f, 

and Lt is in according to [51 Theorem 3.7]. □ 

2.4. Almost semi-meromorphic currents. We say that a current 6 on a smooth 
manifold Y is almost semi-meromorphic, b G ASM(Y), if there is a modification 
tt: Y' Y, a holomorphic generically non-vanishing section cr of a line bundle 
L ^ Y' and an L-valued smooth form to such that 

(2.5) b = 7r^ — , 

a 

^We adopt here the convention from nni; in, e.g., [25] these currents have bidegree (0,p). 



A GLOBAL BRIANgON-SKODA-HUNEKE-SZNAJDMAN THEOREM 


7 


where Loja denotes the principal value current. This class of currents was introduced 
in [3] and studied in more detail in [Sj . All results in this subsection can be found in 
the latter reference. 

Let ZSS{b), the Zariski singular support of b, be the smallest analytic set such 
that b is smooth in the complement. 

We will need the following results. 

Proposition 2.5 ([ 8 ], Theorem 4.26). Ifbis almost semi-meromorphic on Y and L 
is a holomorphic differential operator, then Lb is almost semi-meromorphie as well. 

Clearly, ZSS{Lb) C ZSS{b). 

Theorem 2.6 ([ 8 ], Theorem 4.8). IfbG ASM(Y) and r is any pseudomeromorphic 
eurrent in Y, then there is a unique eurrent T in Y that coineides with bAr outside 
ZSS{b) and such that lzss(b)T = 0. 

We will denote the extension T by bAr as well. It follows from (|2.4p that 

(2.6) bAr = limxsbAT 

5 

if xs = where 5 is a holomorphic tuple whose zero set is precisely ZSSfb). 

It is not hard to check, cf., O Proposition 4.9], that if V is any analytic set, then 

(2.7) IvibAr) = bAlyr. 

It follows from (12.7p that b € ASM{Y) induces a mapping 

re^bAr. 

Given a G ASMiY) and r G VM^ we define 

Boat := ^(aAr) - {-l)^^^^aAdT 
The definition is made so that the formal Leibniz rule holds. 

Remark 2.7. Clearly Ba = b + r{a) where b = ^x\zsS(a)Ba and r(a), the residue 
of a, has support on ZSS{a). One can check, cf., [H Proposition 416], that in fact 
b G ASM{X). Thus we can define r{a)AT := BaAr — bAa. If X5 is as above, then 

(2.8) r(a)AT = lim^XiSAaAr. 

s 

□ 

If a is holomorphic outside ZSS{a), then clearly the support of BaAr is contained 
in suppr C ZSS{a). In particular, if 71 ,... , 7 ^ are holomorphic functions, then by 
induction we can form the current 

(2.9) 5—A---A9—. 

7p 71 

Clearly it is 9-closed and has support on Z.y = {71 = • • • = 7 p = 0}. If in addition Z.y 
has codimension p, then (12.911 is anti-commuting in its factors, see, e.g., u Section 
2]. In this case we call it the Coleff-Herrera produet pY formed by the Xj- It is well- 
known, and was first proved by Dickenstein-Sessa and Passare, that the annihilator 
ann = {(f) ^ O; (j)p'^ = 0 } is precisely equal to the ideal ( 7 ) generated by 71 ,..., 7 ^, 
see, [21 Eq. (4.3)] for the setting used here. It follows by the dimension principle that 
p'^ is in If w is a holomorphic (W, 0)-form, therefore p'^Aiw is in . 

Any Coleff-Herrera current p can be written locally as p = ap'^Aoj for such a tuple 
7 and some holomorphic function a, see, e.g., [21 Theorem 1.1]. Thus the annihilator 
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ann/i is the kernel of the sheaf mapping O —>• 0 /( 7 ), (p i-A a(f>, and hence ann^ is 
coherent. 

Let 5 —)• y be a vector bundle. We say that b G ASM(Y, S) if there is a represen¬ 
tation (12.Sp . where a; is a smooth section of L0tt*S. The statements above have ana¬ 
logues for 5-valued sections. For instance, if 5 is a line bundle and 7 j G ASM{Y, S), 
then ()2.9p is an 5“^-valued current. 

3. Global Coleff-Herrera currents on 


Let dx be interior multiplication by the vector field 

N 


A 

dx 


j 


on and recall that a differential form ^ on \ { 0 } is projective, i.e., the 

pullback of a form on P'^, if and only if 6x^ = Sx^ = 0 , where 6x is the conjugate of 
6x- We will identify forms on P^ and projective forms. Notice that 


Q = 5x{dxoA ... Adx]\f) 

is a non-vanishing section of the trivial bundle over P^, realized as a (iV, 0)-form on 
P^ with values in 0{N -|- 1). 

Let 7 i ,..., 7 p be holomorphic sections of O (r) such that their common zero set 
Z-y has codimension p. Then, cf.. Section [2.41 above. 

(3.1) = (9—A • • • A9—Afl 

7p 71 

is a global section of G 0{—pr -|- iV -|- 1 ). 


Lemma 3.1. Let Z <Z he a reduced projective variety of pure codimension p and 
let pL be a global section of CH^ ®0{i + N -|- 1) such that 

(3.2) 71^ = ... = 7p^ = 0. 

If p < N — 1, then there is a global holomorphic section a of + pr) such that 

(3.3) p = ad—A---Ad—AQ. 

7p 71 

If p = N and i + N > Q, then the same conclusion holds. 


In particular we see that if p < iV — 1 and i + pr < 0, then p = 0. 

Proof. Let us introduce a trivial vector bundle E of rank p with global holomorphic 
frame elements ei,...,ep and let e^,...,e* be the dual frame for E*. We then 
have the mapping interior multiplication 5^: A*^^E —?■ A*E by the section 7 := 
7 ie* -I- • • • -I- 7 pe* of E*. We consider the exterior algebra of S © T*W’^ so that 
dxjAcj = —CjAdxj etc. Then both and d extend to mappings on currents with 
values in AE, and 

( 3 . 4 ) 6.yd = —d6^. 

Let e = Cl A ... ACp. Recall that , 0{n)) = 0 if either 1 < k < N—1 or k = N 

and u > 1; see, e.g., [121 Ch. VII, Theorem 10.7]. If p < — 1, or £ + V + 1 > 1, we 

can therefore find a global solution to dwp-i = pAe. In view of (|3.4p and (|3.2n we 
have that 

d6ryWp-i = —5^Bwp-i = —6.y{pAe) = 0 . 
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Thus we can successively solve 

(3.5) dwp-i = //Ae, dwp -2 = 5^Wp-i, ..., Bwq = 6jWi. 

Then a AO := 6^wo is a 5-closed, and thus a holomorphic, (N, 0)-form with values in 
0{i + pr + N + 1). Altogether, 

((5..), — d)w = aAfl — /xAe 

if rc = rco + • • • + Wp-i. As in [21 Examples 3.1 or 3.2] we can find a global current 
U such that 

((5.y — d)U = 1 — p'^Ae. 

Thus 

((5.^ — d){aUAQ — w) = p — ap'^AQ. 

Since the right hand side is in it now follows from [21 Theorem 3.3] that it must 
vanish. □ 

Example 3.2. Given a global section p of CHz ® one can always find such 
that (|3.2I] holds. In fact, for a large enough tq there are sections g[,... ,g'j^ of O(ro) 
that generate the ideal sheaf Jz C O^n. U gi, ..., gp are generic linear combinations 
of the g'j, then Zg = {gi = • • • = ffp = 0} has codimension p, Zg D Z, and (expressed 

in a local frame) dgiA ... Adgp 7^ 0 on Zreg- If aiid rrij are large enough, 

then (13.2p holds. □ 


4. BjORK-TYPE REPRESENTATION OF GLOBAL COLEFF-HeRRERA CURRENTS 


In this section we express the action p.^ if a global Coleff-Herrera current ^ on a 
test form ^ as an integral over Z of where A4 is a certain differential operator. 

As usual we identify smooth sections of the line bundle 0{t} by .^-homogeneous 
smooth functions on \ {0}. Notice that then each djdxp j = 0,..., N, induces 
a differential operator 0{£) -A 0{i — 1). We say that a finite sum 


is a holomorphic differential operator on of degree r if the coefficients Va are 
holomorphic sections of 0{r + |q!|). Such an L maps 0{(.) -A 0{^ + r) for each L The 
order of L is the maximal occurring |a| as usual. 

Consider the affinization C'^ ~ {xq 7 ^ 0}. Notice that there is a one-to-one 
correspondence between smooth sections of 0{i) over and smooth functions in 
C^, via the frame [xq, •. • ,XAr] Xq for 0(£) over C^. More concretely, given the 
section (j) one gets the associated function by just letting xq = 1. Conversely, given 
4>, then (j){x) = Xq^{x'/xq). In this way a differential operator of degree r gives rise 
to a differential operator 


L = 


E 

|o'|<M 


Va'{x') 


da' 

dx<^' 


where Vq/(x') are polynomials of degree at most r -|- \a'\. Notice however, that the 
resulting affine L will depend on (. unless L(xo</>) = xoT(/> for all cp. For instance, the 
differential operator L = d/dxQ, that has order 1 and degree — 1 , induces 
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Notice that L, as well as an associated affine differential operator L, act on smooth 
(0, *)-forms as well. 

The following statement is a global version of a construction due to Bjork, m- A 
similar result is obtained in [291 Theorem 4.2], 

Theorem 4 . 1 . Assume that Z C P'^ has pure codimension p, that pL is a global 
section of CHz ® 0{r), and assume that p < N — 1 orr + l>0. Let I = ann/i. 
There is a multiindex m = (mi,... ,mp), a number p, and for each a < m there are 
holomorphic differential operators La and such that deg La + degM.m-a = P, 

and a global meromorphic {n,0)-form r with values in 0{—p), not identically polar 
on any irreducible component of Z, such that the following hold: 

(i) For any global holomorphic section f of 0{i) and any test form f of bidegree 
(0,n) with values in 0(—r — £) we have 

(4.2) (fpf = ^ / TALafAMm-af- 


(a) For each point x & Z, a germ G Ox is in Xx if and only if 
(4.3) Lafi G ■\/Xx, a < m. 


(Hi) For each a < m there are holomorphic differential operators M.a,'y, 1 If ot, such 
that 

(4.4) Laiff) = ^ L^(t>Ma,^'f 

7<Q; 

for all holomorphic sections cj) and if of 0{i) and 0{i'). 


Proof. To begin with we choose gi,..., pp, m := (mi,..., m^), and a as in ExamDle l3.2l 
and Lemma o so that 


(4.5) 


p = ap^ 


m+1 


An. 


After a projective transformation on P'^, i.e., a linear change of variables on 
we may assume that each irreducible component of Z intersects the affine space 
:= {xq 7 ^ 0}. Then the affinizations Gj of gj are polynomials in such that 
dGiA ... AdGp is nonvanishing on ZregFC^, cf., ExamDle l3.2l Let x' = (xi,..., xn)- 
After possibly a linear transformation of , we may assume that the polynomial 


H := det 


drj 


is generically nonvanishing on Z n , where 


x' = iC,v) = 


Let us introduce the short hand notation 

1 1 


d 


Gm+i 


= d 




+1 


A...Ad- 


Gl 


We first look for a representation of the Coleff-Herrera current 


at points x on Z' := Z n n {H 0}. Locally at such a point we can make the 
change of variables 


w = G{C,r]), z = C- 
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If H is a smooth (0, n)-form with small support, and is holomorphic, with the 
notation ml = mil ■ ■ -mpl and 9“ = etc, in view of Example 12.11 we then 

have 


^fL.E = j d- 

± 


1 


Gm+l 
' i27Ti)P 
Jw=0 

Now, notice that 


AdrjAdCA^E = ± d 


^ 1 


w 


T AdwAdzA — <I> = 

,m+l 


, dzAdly^ 




a<m' 


„=o(m-a)!a! \ h )^ 


so that 


dp = {dpG)du 


d — —d 


where E is a matrix of polynomials. It is readily checked that 


(4.6) 




has a holomorphic extension across H = 0. Let us define 

Then also Mp is holomorphic across H = 0. 


H' 


With T = dz = d(, we have that 


(4.7) 


=Lx- 

^ a<m 


T 


iL3H+i 


AMn,_„HAL„4> 


for H with support close to x. We claim that if <I> is a germ of a holomorphic function 
at X, then ^Jlx = 0 if and only if = 0 on for all a < m. In fact. 


(4.8) ck/I,, = 0 ^ = 0 ^ = 0 ^ 

= 0 on Zx, a < m La4> = 0 on Zx, a < m. 

Now, for each a < m, let us homogenize the coefficients in to obtain L„ for some 
fixed degree, and then let us homogenize Mm-a to Mm-a so that the sum of their 
degrees is a fixed number p. Let t' be the homogenization of T = dC,, i.e., 

1 Y ^1 i^TL 

t' = d—A...A(i— 

Xo xo 

if X = (xo,...,XAr) = (xo,C)d)- Finally let us homogenize iL^lml+i to h so that 
r := t' jh takes values in 0(—p). We possibly get some factors xq in the denominator, 
but since Z has no irreducible component in {xq = 0} this is acceptable. 

Let us define the global current 

(4.9) p := 

in . In view of (j4.5l) it takes values in 0{r — deg a). At each point x G Z' it is the 
(r — deg a)-homogenization of our previous fl but the global current is not necessarily 
5-closed at xq. However, in view of (03]), (1231), and (14.9L 

(4.10) a/2 = alzp^ ^ AH = Izap^ ^ AH = Izp = p, 
since p has support on Z, and thus ap is 9-closed. 
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For holomorphic sections (j) of 0{i — deg a) and test forms ^ of bidegree (0, n) with 
support in \{h = 0, xq = 0} and values in 0{—r — 1) we have 

(4.11) = lY" TAMm-a^^^a4>- 

By Proposition 12.61 taL4)A[Z] is a global section of 0 0(e + £) and thus the 
integrals on the right hand side of (14.1111 exist as a principal values for any test form 
In view of Proposition 12.41 the right hand side of (14.1111 defines the action on ^ of a 
global section of (8* 0{e + i). Since {h = 0, xq = 0 } n Z has positive codimension 

on Z it follows by the SEP that the equality (|4.1ip holds for all 

Define the holomorphic differential operators L„ by the equality 

(4.12) Lo(/) = Laia(p). 

Then (|4.2p follows from (14.111) . Thus (i) is proved. 

For X ^ Z' = Z \ {h = 0, xq = 0} we have, by (14.8p and (14.121) . that 

(4.13) ([>^x = 0 if and only if ha4> = 0 on Zx, a < m. 

Again since {h = 0, xq = 0}nZ has positive codimension on Z, it follows by 
continuity and the SEP that (I4.13P holds for all x G Z. Thus (ii) is proved. 

To see (hi), just notice that 

TQ,(4?'h) - ^ Z/.y$CQ,^-j,Z/Q,_.y4?, 

7<Q; 

where Ca,'y are binomial coefficients. After homogenization and replacing 4> by acj) we 
get (iii) with = Ca, 7 La- 7 . □ 

Remark 4.2. One can check, cf., [H Section 5], that (j)lzR = 0 if and only if (p is 
in the intersection of the primary ideals of (fi'"’^^) associated with the irreducible 
components of Z. □ 

Let /i be a global section of (8> 0{r) in P'^ and let 6 be a global almost semi- 
meromorphic current of bidegree (0, *) with values in 0(ri). Then bfi is a section of 
0 0{r + ri). Let us also assume that ZSS{h) n Z has positive codimension in Z. 
Consider a representation of /r as in Theorem 14.11 In view of Theorem 12.51 we can 
define differential operators My with almost semi-meromorphic coefficients so that 

MyC = My(60- 

For test forms ^ of bidegree (0, *) with values in 0{—r — 1) and with support outside 
ZSS{b), and any global holomorphic section p of 0{i) we have 

(4.14) (pb^.i = 

In view of Propositions 12.61 and 12.41 the right hand side defines a global section of 
0 0{r + ri). Since Z D ZSS{h) has positive codimension in Z, it follows that 
(I4.14P holds globally. 


5. Proof of Theorem O 

Let X be our non-reduced subspace of P'^. As was mentioned in the introduction 
the proof relies on the global current AR^ that we first discuss. 
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5.1. The current . Given a vector bundle E let 0{E) denote the asso¬ 

ciated locally free analytic sheaf. We can hnd a locally free resolution 

0 ^ 0{En) ^ • 4 0{Ei) ^ 0{Eo) ^ Opn/Jx ^ 0 

of Ot^n jJxi where Eq is a trivial line bundle and Ek = ®Y‘0{—d\) for suitable 
positive numbers d\, see, e.g., [7j. In fact, we can use the ’’same” mappings Ck = (c^^) 
as in (EU but with considered as sections of 0{d?f^ — d\_i). There is a natural 
choice of Hermitian metrics on Ek and following [5l Sections 3 and 6] there is an 
associated current 

R^ = R^ -l- • • • -l- Rx 

with support on Xred, where R^ are (0, /c)-currents that take values in Ek, and with 
the property that (pR^ = 0 if and only if (/> € J^x- Furthermore, 

(5.1) dRk = Ck+iRk+i, k>0. 

Proposition 5.1. There is a bundle 

(5.2) F = ®ZiO{dF), 

a global section g, ofC'H^^^‘^^F^O{N+l), and an almost semi-meromorphic section 
b o/Hom(T, ©^p^Flfc) such that 

(5.3) R^ Ait = bp. 
in P-^. 

Proof. Since the kernel fC of : 0{E*)^0{E*_^_i) is coherent, for a large enough 
integer dp, K, ® 0{dF) is generated by global sections gi,..., grp- We therefore 
have a surjective sheaf mapping O -A K,® 0{dF) and hence ®Z-a JC. 
Dehne F by (15.211 and let g: 0{Ep) — )• 0{F) be the dual of the composed mapping 
0{F*) — )• /C —> 0{E*). We then have the exact sequence 

(5.4) o{F*) ^ o{Ei) o(f;;+i) 
of sheaves. We claim that 

p := gRpAQ 

is a global (vector-valued) Coleff-Herrera current. In fact, in view of (I5.1jl . 

Bp = BgRp AVL = gdRp APL = gCp+iRpj^iAPt = 0 , 

since gcp+i = 0. Because of the dimension principle p must have the SEP with 
respect to Wed and hence it is, by dehnition, a Coleff-Herrera current and thus a 
section of ® F x 0{N + 1). 

Let W+i subset of Xred where Sp+i does not have optimal rank. Let 

us choose a Hermitian norm on F, and dehne ap- F Ep on the complement of 
Zp^i so that fJi? = 0 on the orthogonal complement of Im^ and apg = / on the 
orthogonal complement of Ker^f. It is shown in [6l Section 2] that ap has an almost 
semi-meromorphic extension across W+ii denote the extension by Ui? as well. 

Following the proof of [28l Proposition 3.2] we see (this is just a local argument) that 
Rp = apgR^ outside W+i- right hand side here is dehned in view of Theorem 
ESI Since both sides have the SEP on Xred we conclude that they coincide in P-^. 
Thus 

(5.5) 


Rp AQ. = app. 
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From [21 Theorem 4.4] we get global almost semi-meromorphic sections a^+i of 
Hom(Flfc,Sfc+i), k = p,p + 1 ,..., that are smooth outside analytic subsets 
of Xred where do not have optimal rank, such that 

Rk+i = 

Since X has pure dimension it follows that codim Xp^i > p + (. + 1 according to [TTl 
Corollary 20.14]. Arguing as in the proof of [281 Proposition 3.2] we now get for each 
/c > p + 1, in view of (j5.5p . the representation 

(5.6) = Uk--- ap+iapp- 

Now let bk = Ok - ■ ■ Op+iap. Then bk is an almost semi-meromorphic, see [H Section 
3.1], and by (|5.6p . = bkP where bk is smooth, that is, outside Zp^i. Since 

Izp+ip = 0 it follows from ()2.7p that = bkP- Thus the proposition follows with 
b = bp bj\f. n 

5.2. The current R°^f\R^. Assume that we have sections oi,..., Um of a Hermitian 

line bundle S over some open set U C and let FI be a trivial rank m bundle. 
Then we have interior multiplication 5a '■ (8) —)• A*E (8 S~*, and we can 

consider the induced double complex as in the proof of Lemma l3.II above. Following 
[71 Example 2.1] we define the Bochner-Martinelli form 17“ = Uf + -- ■ + U^, explicitly 
from the aj. The components Uk are almost semi-meromorphic (0, k — l)-forms with 
values in A^E (8) S~^ that are smooth outside the common zero set Za of the aj. 
Moreover, {6a — 5)t/“ = 1 outside Za- We thus have the residue current 

R^:=l- {5a - d)U\ 

with support on Za, whose components 7?^ are (0, A:)-currents with values in A^E (8) 
S~^. If Xe = x(|oP/e), where x is a function as in (12.411 above, then 1/“’^ = XeU^ are 
smooth and tend to 17“. Thus 

= l-{5a- 9)17“’^ = 1 - X. + 5x.At7“ 
tend to 72“. As in [3 Section 2.5], cf., (12.8p above, we can form the product 

(5.7) R^AR^Akl := lim R^^’^AR^AQ. 

We will use the following important property, which follows from [3 (2.19)] and the 
proof [3 Lemma 2.2]: 

Lemma 5.2. //<!> is holomorphic and ^R'^AR^A^l = 0 at x, then $ is in {a)x+J^x,x- 

Remark 5.3 (Warning!). Although the components Rk of 71“ vanish for small k be¬ 
cause of the dimension principle, the terms might be nonzero. See, e.g., [5] 

for examples. □ 

5.3. End of proof of Theorem 11.21 To begin with we assume that p = codim Z < 
— 1. Let p be the (vector-valued) Coleff-Herrera current in the representation 

(15.3p of R^Apt. Let us consider p as an rjT’-tuple of Coleff-Herrera currents, and let 
Lq,, a < m, be a (tuple of) Noetherian operators obtained from Theorem 14.11 More¬ 
over, let Mq, be the associated differential operators with almost semi-meromorphic 
coefficients so that (|4.14ll holds. 

At a given point x E Xp^d there is a number such that if (a) = (oi,..., am) C 
Ox,x is a local ideal, and cj) E Ox,x, then |Lq,(()| < C'|a|'^ on Xp^d^x for all a < m 
implies that (frR'^AR^API = 0. This is precisely the main step of the proof of |28i 
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Theorem 1.2] and we do not repeat it here (just notice that our number Vx is called 
N in [28], our are called K^, moreover, the non-reduced space that we call X 
is denoted by Z in [28] whereas X denotes the associated reduced space!). In this 
proof the number Ux is explicitly deduced from the singularities of the the coefficients 
of Mq. and of b, expressed as the degree of monomials in a suitable log resolution 
of Xxed: See [281 Eq. (4.9)]. In particular, the number I'x works for all points in a 
neighborhood of x. By compactness we therefore get: 

Proposition 5.4. There is a number v, such that if x G X^ed, (o) = (oi; • • • ,am) C 
Ox,x is a local ideal, and (p E Ox,x, then \La4>\ < C\a\'^ on Xxed,x for all a < xn 
implies that /\R^/Xl = 0. 

Combined with Lemma 15.21 we have thus obtained v and differential operators 
so that part (i) of Theorem 11.21 holds. 

Now let Fj be polynomials as in Theorem ll.2l fiiL let fj be the d-homogenizations 
considered as section of 0[d) over X^ed and let Jf be the associated ideal sheaf as 
in the introduction. 

Lemma 5.5. Let ^ be a polynomial such that (HID holds and let p be the p- 
homogenization of^. If 

(5.8) p > deg^ + vd^^ degX^ed-, 
then \Loip\ < C\f\^ for all a. 

Proof. Let tt: X ^ Xj-ed be the normalization of the blow-up of Xred along J7/ and 
let be the exceptional divisor, where Wj are the irreducible components and 

rj the corresponding multiplicities. Notice that if '0 is a holomorphic section of some 
0{i), then \p\ < C\f\^ if and only if •n*p vanishes to order at least urj on Wj for 
each j. 

If (|1.4D holds on Vred, then 'K*(fLap) vanishes to order vrj on each Wj that is not 
fully contained in {X^ed^oo)■ Notice that 

P = ■*’(/?, 

where tp is the deg <I>-homogenization of <I> and thus holomorphic. If Wj is contained 
in 'n'~^Xred,oo, then p vanishes at least to order p — deg<I> on Wj. Since Lq, does not 
involve the derivative d/dxQ also Lap vanishes to order p — deg<I> on Wj. By the 
geometric estimate in m. cf., [T] Eq. (6.2)], we have that 

rj < d“^'“^(’^^)degX^erf. 

If ([5.80 holds, therefore 7r*{ljaP) vanishes, at least, to order nrj on Wj for all j. Thus 
the lemma follows. □ 

With the same hypotheses as in Lemma [5.5l it follows from the lemma and Propo¬ 
sition 15.41 that 

(5.9) pR^AR^An = 0. 

If in addition 

p > {d — 1) min(m, n -(- 1) + reg X, 

we can now solve a sequence of global 5-equations in and get a global solution qj 

to p = fiQi H-h fmQm, cf., m Lemma 4.3]. The fact that X is not reduced plays 

no role here. After dehomogenization we obtain the desired representation of 4>, and 
so the proof of Theorem 11.21 is complete in case p < N — 1. 
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Now assume that p = codim Z = N so that Xred is a finite set in \ 

{xq = 0}. If necessary we multiply /x by a suitable power of xq to be able to 
apply Theorem 14.11 We then get the global, in , La that form a complete set of 
Noetherian operators at each point x G X^ed- Part (ii) is trivial, since the image of 
any ideal (a) C Ox,x in is just either (0) or (1) — 
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